Tæ To¸n _ Tin tr­êng thpt lôc ng¹n sè 2




I. KiÕn thøc c¬ b¶n.
1. B¶ng ®¹o hµm c¸c hµm sè c¬ b¶n.
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2. §¹o hµm cña hµm hîp.

Ta xÐt hµm sè y = f(u(x)). Ta tÝnh ®¹o hµm cña hµm sè ®· cho theo x nh­ sau
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B¶ng ®¹o hµm cña hµm sè hîp
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Chó ý: Khi ¸p dông tÝnh ®¹o hµm cña hµm hîp ta chó ý ban ®Çu tÝnh ®¹o hµm cña hµm sè theo biÕn u råi nh©n víi ®¹o hµm cña hµm sè u theo biÕn x.

3. C¸c phÐp to¸n ®¹o hµm.


Cho hai hµm sè y = u(x), y = v(x). Khi ®ã


*) (u + v)’ = u’ + v’


*) (u - v)’ = u’ – v’


*) (uv)’ = u’v + v’u

*) (ku)’ = k.u’ ( k lµ h»ng sè)

*) 
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4. §¹o hµm bËc cao cña hµm sè.

§¹o hµm bËc n cña hµm sè y = f(x) lµ ®¹o hµm bËc 1 cña ®¹o hµm bËc n – 1 cña hµm sè y = f(x) ( n > 1).
II. C¸c d¹ng to¸n c¬ b¶n.
1. D¹ng 1. TÝnh ®¹o hµm cña hµm sè.
Ph­¬ng ph¸p. Ta vËn dông c¸c quy t¾c vµ phÐp tÝnh ®¹o hµm, ®Æc biÖt lµ ®¹o hµm cña hµm hîp. NÕu yªu cÇu tÝnh ®¹o hµm t¹i mét ®iÓm ta cÇn tÝnh ®¹o hµm råi thay vµo ®e ®­îc kÕt qu¶.
VÝ dô 1. TÝnh ®¹o hµm c¸c hµm sè sau
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VÝ dô 2. TÝnh ®¹o hµm c¸c hµm sè sau t¹i c¸c ®iÓm t­¬ng øng.
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b) Ta cã
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c) Ta cã
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VÝ dô 3. TÝnh ®¹o hµm c¸c hµm sè sau
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b) Ta cã
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c) Ta cã
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g) Ta cã
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2. D¹ng 2. Gi¶i ph­¬ng tr×nh y’ = 0.

Ph­¬ng ph¸p. Ta tÝnh y’ sau ®ã gi¶i ph­¬ng tr×nh 
 y’ = 0.

VÝ dô 1. Gi¶i ph­¬ng tr×nh y’ = 0 biÕt.
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V©y ph­¬ng tr×nh y’ = 0 cã hai nghiÖm ph©n biÖt x = 0 vµ x = 2.

b) Ta cã
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V©y ph­¬ng tr×nh y’ = 0 cã hai nghiÖm ph©n biÖt x = 0 vµ x = 2.

c) Ta cã
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V©y ph­¬ng tr×nh y’ = 0 cã hai nghiÖm ph©n biÖt 
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VËy ph­¬ng tr×nh y’ = 0 cã hai nghiÖm ph©n biÖt x = 0 vµ x = -2.

e) Ta cã
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VËy ph­¬ng tr×nh y’ = 0 cã hai nghiÖm ph©n biÖt x = 0 vµ x = -2.

f) Ta cã
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VËy ph­¬ng tr×nh y’ = 0 cã ba nghiÖm ph©n biÖt  
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VËy ph­¬ng tr×nh y’ = 0 cã nghiÖm duy nhÊt x = 0.
h) Ta cã
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VËy ph­¬ng tr×nh y’ = 0 cã hai nghiÖm ph©n biÖt x = -1 vµ x = 3.

i) Ta cã
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VËy ph­¬ng tr×nh y’ = 0 cã hai nghiÖm ph©n biÖt 
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3. D¹ng 3: Chøng minh ®¼ng thøc vÒ ®¹o hµm.
Ph­¬ng ph¸p: TÝnh ®¹o hµm vµ sö dông c¸c phÐp biÕn ®æi ®Æc biÖt lµ vÒ hµm l­îng gi¸c.

VÝ dô 1. Chøng minh r»ng 


a) y’ – y2 -1 = 0 víi y = tanx.


b) y’ + 2y2 + 2 = 0 víi y = cot2x.

c) y’2 + 4y2 = 4 víi y = sin2x.
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VËy ta cã ®iÒu cÇn chøng minh.

b) Ta cã 
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VËy ta cã ®iÒu cÇn chøng minh.

c) Ta cã
y’ = 2cos2x

Khi ®ã 
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VËy ta cã ®iÒu cÇn chøng minh.
III. Bµi tËp tù luyÖn.
Bµi 1. TÝnh ®¹o hµm c¸c hµm sè sau
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Bµi 2.  TÝnh ®¹o hµm c¸c hµm sè sau
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Bµi 3. TÝnh ®¹o hµm c¸c hµm sè sau t¹i c¸c ®iÓm t­¬ng øng
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Bµi 4. Gi¶i ph­¬ng tr×nh y’ = 0 trong c¸c tr­êng hîp sau
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I. KiÕn thøc c¬ b¶n.
1. TiÕp tuyÕn t¹i mét ®iÓm: Cho hµm sè y= f(x) (C), x0 lµ mét ®iÓm thuéc vµo TX§ cña hµm sè trªn vµ tån t¹i ®¹o hµm t¹i ®ã. Khi ®ã ta cã tiÕp tuyÕn víi (C) t¹i ®iÓm 

(x0; f(x0)) cã ph­¬ng tr×nh lµ  y = y/(x0)(x-x0) + f(x0)

NhËn xÐt: ë trªn ta cã y/(x0) lµ hÖ sè gãc cña tiÕp tuyÕn. Ta cÇn t×m ®­îc hÖ sè gãc vµ tiÕp ®iÓm trong tr­êng hîp nµy nÕu muèn viÕt ph­¬ng tr×nh tiÕp tuyÕn víi ®­êng cong nµo ®ã. C¸c bµi tËp hay gÆp trong phÇn nµy: Cho hoµnh ®é tiÕp ®iÓm; tung ®é tiÕp ®iÓm; hay t¹i giao ®iÓm cña ®å thÞ hµm sè víi ®­êng th¼ng nµo ®ã.
2. §iÒu kiÖn tiÕp xóc cña hai ®å thÞ.

Cho hai hµm sè y = f(x) (C1), y = g(x) (C2).

Khi ®ã (C1) tiÕp xóc víi (C2) khi vµ chØ khi hÖ ph­¬ng tr×nh 
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 cã nghiÖm.

Chó ý: 

+ NÕu hai ®å thÞ (C1) vµ (C2) lµ hai ®­êng cong th× chóng tiÕp xóc víi nhau t¹i hai ®iÓm khi hÖ trªn cã hai nghiÖm ph©n biÖt.


+ NÕu mét trong hai ®­êng lµ ®­êng th¼ng th× ®Ó cã hai tiÕp tuyÕn ta cÇn hÖ trªn cã hai nghiÖm ph©n biÖt.
II. D¹ng to¸n c¬ b¶n.
1. D¹ng 1. ViÕt ph­¬ng tr×nh tiÕp tuyÕn t¹i mét ®iÓm.

Ph­¬ng ph¸p: Ta cÇn t×m ®­îc to¹ ®é tiÕp ®iÓm dùa vµo c¸c d÷ kiÖn bµi to¸n ®· cho.
NhËn xÐt: Trong d¹ng nµy ta th­êng gÆp c¸c tr­êng hîp sau


+ Cho biÕt täa ®é cña tiÕp ®iÓm.


+ Cho biÕt hoµnh ®é cña tiÕp ®iÓm hoÆc ®iÒu kiÖn nµo ®ã ®Ó t×m ®­îc hoµnh ®é tiÕp ®iÓm.

+ BiÕt tung ®é tiÕp ®iÓm hoÆc ®iÒu kiÖn nµo ®ã ®Ó t×m ®­îc tung ®é tiÕp ®iÓm.

+ TiÕp ®iÓm lµ giao ®iÓm cña ®å thÞ víi mét ®å thÞ kh¸c. Khi ®ã ta cÇn gi¶i hÖ ph­¬ng tr×nh ®Ó t×m to¹ ®é cña tiÕp ®iÓm.

2. D¹ng 2. TiÕp tuyÕn ®i qua mét ®iÓm: Cho hµm sè y= f(x) (C) viÕt ph­¬ng tr×nh tiÕp tuyÕn víi (C) ®i qua ®iÓm M(xM; yM)

Ph­¬ng ph¸p:

C¸ch 1: T×m tiÕp ®iÓm

Gi¶ sö tiÓp tuyÕn víi (C) cÇn t×m cã tiÕp ®iÓm lµ M0(x0; y0). Khi ®ã tiÕp tuyÕn cÇn t×m cã ph­¬ng tr×nh y = f/(x0)(x-x0) + f(x0).

Mµ tiÕp tuyÕn ®i qua ®iÓm M(xM; yM) suy ra yM = f/(x0)(xM-x0) + f(x0) gi¶i ph­¬ng tr×nh nµy ta t×m ®­îc hoµnh ®é tiÕp ®iÓm sau ®ã t×m y0 = f(x0) råi viÕt ph­¬ng tr×nh tiÕp tuyÕn cÇn t×m theo d¹ng 1.
C¸ch 2: Sö dông ®iÒu kiÖn tiÕp xóc 

Gi¶ sö ®­êng th¼ng qua M(xM; yM) cã hÖ sè gãc k khi ®ã nã cã ph­¬ng tr×nh

 y = k(x-xM) + yM
Ta cã ®­êng th¼ng  y = k(x-xM) + yM lµ tiÕp tuyÕn cña ®­êng cong (C) 
[image: image106.wmf]/
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 gi¶i hÖ nµy ta t×m ®­îc hoµnh ®é cña tiÕp ®iÓm sau ®ã viÕt ph­¬ng tr×nh tiÕp tuyÕn t­¬ng øng.

NhËn xÐt: ë trªn cã bao nhiªu nghiÖm x ta cã bÊy nhiªu tiÕp tuyÕn ®i qua ®iÓm M.

3. D¹ng 3. TiÕp tuyÕn cho tr­íc hÖ sè gãc:
Ph­¬ng ph¸p.

C¸ch 1. T×m tiÕp ®iÓm


Gi¶ sö tiÕp tuyÕn cÇn t×m cã tiÕp ®iÓm lµ M0(x0; y0). Khi ®ã tiÕp tuyÕn cÇn t×m cã ph­¬ng tr×nh y = f/(x0)(x-x0) + f(x0).

Khi ®ã theo gi¶i thiÕt ta cã f/(x0) = k. Gi¶i ph­¬ng tr×nh nµy ta t×m ®­îc hoµnh ®é tiÕp ®iÓm sau ®ã t×m y0 = f(x0) råi viÕt ph­¬ng tr×nh tiÕp tuyÕn cÇn t×m theo d¹ng 1.
NhËn xÐt:  Trong d¹ng nµy ta cã thÓ gÆp c¸c bµi tËp nh­ sau: 

*) TiÕp tuyÕn cã hÖ sè gãc k khi ®ã ta t×m tiÕp ®iÓm M0(x0; y0) b»ng c¸ch gi¶i ph­¬ng tr×nh f/(x0) = k sau ®ã viÕt ph­¬ng tr×nh tiÕp tuyÕn t­¬ng øng.

*) TiÕp tuyÕn vu«ng gãc víi ®­êng th¼ng y = ax + b khi ®ã tiÕp tuyÕn cã hÖ sè gãc lµ k = 
[image: image107.wmf]1
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 sau t×m tiÕp ®iÓm M0(x0; y0) b»ng c¸ch gi¶i ph­¬ng tr×nh f/(x0) = k vµ viÕt ph­¬ng tr×nh tiÕp tuyÕn t­¬ng øng.

*) TiÕp tuyÕn song song víi ®­êng th¼ng y = ax+ b khi ®ã tiÕp tuyÕn cã hÖ sè gãc lµ k= a sau ®ã t×m tiÕp ®iÓm M0(x0; y0) b»ng c¸ch gi¶i ph­¬ng tr×nh f/(x0) = k vµ viÕt ph­¬ng tr×nh tiÕp tuyÕn t­¬ng øng.

*) TiÕp tuyÕn t¹o víi chiÒu d­¬ng trôc hoµnh gãc 
[image: image108.wmf]a

 khi ®ã hÖ sè gãc cña tiÕp tuyÕn lµ k = tan
[image: image109.wmf]a

 sau ®ã t×m tiÕp ®iÓm M0(x0; y0) b»ng c¸ch gi¶i ph­¬ng tr×nh f/(x0) = k vµ viÕt ph­¬ng tr×nh tiÕp tuyÕn t­¬ng øng.

*) TiÕp tuyÕn t¹o víi ®­êng th¼ng y = ax +b mét gãc 
[image: image110.wmf]a

 khi ®ã hÖ sè hãc cña tiÕp tuyÕn lµ k tho¶ m·n 
[image: image111.wmf]tan
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 hoÆc chóng ta dïng tÝch v« h­íng cña hai vÐct¬ ph¸p tuyÕn ®Ó t×m hÖ sè gãc k sau ®ã t×m tiÕp ®iÓm M0(x0; y0) b»ng c¸ch gi¶i ph­¬ng tr×nh f/(x0) = k vµ viÕt ph­¬ng tr×nh tiÕp tuyÕn t­¬ng øng.

III. VÝ dô.
VÝ dô 1: Cho hµm sè 
[image: image112.wmf]32
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. ViÕt ph­¬ng tr×nh tiÕp tuyÕn víi (C) biÕt

a) Hoµnh ®é tiÕp ®iÓm lÇn l­ît lµ -1; 3; 
[image: image113.wmf]2


b) Tung ®é tiÕp ®iÓm lÇn l­ît lµ -4.

c) TiÕp ®iÓm lµ giao cña (C) víi trôc hoµnh.

Gi¶i

TX§: 
[image: image114.wmf]D
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Ta cã 
[image: image115.wmf]//2
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a) Víi hoµnh ®é tiÕp ®iÓm x0 = -1 ta cã y0 = f(x0) = f(-1) = - 4; 
[image: image116.wmf]//
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 suy ra tiÕp tuyÕn víi (C) khi ®ã cã ph­¬ng tr×nh y = f/(-1)(x+1) – 4 hay y = - 4 

Víi hoµnh ®é tiÕp ®iÓm x0 = 3 ta cã y0 = f(x0) = f(3) = 44; 
[image: image117.wmf]//
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 suy ra tiÕp tuyÕn víi (C) khi ®ã cã ph­¬ng tr×nh y = f/(3)(x-3) + 44 hay y = 40x – 76

b) Víi tung ®é tiÕp ®iÓm y0 = - 4 ta cã x0 = -1 hoÆc x0 = 0

Víi hoµnh ®é tiÕp ®iÓm x0 = -1 ta cã 
[image: image118.wmf]//
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 suy ra tiÕp tuyÕn víi (C) khi ®ã cã ph­¬ng tr×nh y = f/(-1)(x+1) – 4 hay y = - 4

Víi x0 = 0 ta cã 
[image: image119.wmf]//
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 suy ra tiÕp tuyÕn víi (C) khi ®ã cã ph­¬ng tr×nh y = f/(0)(x+1) – 4 hay y = x – 3.

c) Giao ®iÓm cña (C) víi trôc hoµnh cã hoµnh ®é lµ nghiÖm cña ph­¬ng tr×nh


[image: image120.wmf]322
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Khi ®ã  
[image: image121.wmf]/

(1)8
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 suy ra tiÕp tuyÕn víi (C) khi ®ã cã ph­¬ng tr×nh y = f/(1)(x-1)  hay y = 8x – 8.

VÝ dô 2: Cho hµm sè 
[image: image122.wmf]3
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 (Cm). ViÕt ph­¬ng tr×nh tiÕp tuyÕn  cña (Cm) t¹i giao ®iÓm cña nã víi Oy, t×m m ®Ó tiÕp tuyÕn trªn ch¾n trªn hai trôc t¹o ra mét tam gi¸c cã diÖn tÝch b»ng 8.

Gi¶i

TX§: 
[image: image123.wmf]D
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Ta cã (Cm) giao víi Oy t¹i ®iÓm A(0; 1 -m)  
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. Khi ®ã tiÕp tuyÕn cÇn t×m lµ y = y/(0)x +1 – m hay y =-mx +1-m

TiÕp tuyÕn trªn c¾t trôc hoµnh t¹i ®iÓm 
[image: image125.wmf]1
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 suy ra 
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Víi m = 0 th× ®å thÞ hµm sè ®· cho kh«ng c¾t trôc hoµnh suy ra kh«ng tån t¹i tam gi¸c OAB. VËy víi 
[image: image127.wmf]945
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 th× tiÕp tuyÕn cÇn t×m c¾t hai trôc täa ®é t¹o ra tam gi¸c cã diÖn tÝch b»ng 8.

VÝ dô 3: Cho hµm sè 
[image: image128.wmf]32
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 viÕt ph­¬ng tr×nh tiÕp tuyÕn víi (C) biÕt

a) TiÕp tuyÕn ®ã cã hÖ sè gãc k = 9

b) TiÕp tuyÕn vu«ng gãc víi ®­êng th¼ng  
[image: image129.wmf]1
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Gi¶i

TX§: 
[image: image130.wmf]D
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. Ta cã 
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a) Gäi A(xA; yA) lµ tiÕp ®iÓm cña tiÕp tuyÕn cÇn t×m khi ®ã ta cã 
[image: image132.wmf]/22
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Víi 
[image: image133.wmf]1
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 ta cã 
[image: image134.wmf]4
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 khi ®ã tiÕp tuyÕn víi (C) cÇn t×m lµ y = 9(x+1) – 4 hay

y=9x+5.

Víi xA = 3 ta cã yA = 0 khi ®ã tiÕp tuyÕn víi (C ) cÇn t×m lµ y =9(x-3) hay y= 9x – 27

VËy cã hai tiÕp tuyÕn víi (C) cã hÖ sè gãc lµ k = 9 lµ 

y=9x+5 vµ y= 9x – 27.

b) Gäi M(xM ;yM) lµ tiÕp ®iÓm cña tiÕp tuyÕn cÇn t×m.

TiÕp tuyÕn cÇn t×m vu«ng gãc víi ®­êng th¼ng  
[image: image135.wmf]1

3

yx

=

 suy ra hÖ sè gãc cña nã lµ 

k = -3 (Lµm t­¬ng tù nh­ phÇn a)

VÝ dô 4: Cho hµm sè 
[image: image136.wmf]32
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 (C). ViÕt ph­¬ng tr×nh tiÕp tuyÕn víi (C) trong c¸c tr­êng hîp sau

a) TiÕp tuyÕn song song víi ®­êng th¼ng  y = 6x – 4.

b) TiÕp tuyÕn t¹o víi ®­êng th¼ng 
[image: image137.wmf]1
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 mét gãc 450.
Gi¶i

TX§: 
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a) V× tiÕp tuyÕn song song víi ®­êng th¼ng y = 6x – 4 suy ra hÖ sè gãc cña tiÕp tuyÕn lµ k = 6.

Gäi M0(x0; y0) lµ tiÕp ®iÓm cña tiÕp tuyÕn cÇn t×m. Khi  ®ã ta cã 
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Víi 
[image: image141.wmf]0
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khi ®ã tiÕp tuyÕn cÇn t×m lµ 
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Víi 
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khi ®ã tiÕp tuyÕn cÇn t×m lµ 
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b) V× tiÕp tuyÕn cÇn t×m t¹o víi ®­êng th¼ng 
[image: image147.wmf]1
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 mét gãc 450 suy ra hÖ sè gãc cña tiÕp tuyÕn lµ k tho¶ m·n 
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sau ®ã lµm t­¬ng tù nh­ phÇn a (T×m tiÕp ®iÓm).

VÝ dô 5: ViÕt ph­¬ng tr×nh tiÕp tuyÕn víi (C) : 
[image: image149.wmf]32
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 ®i qua ®iÓm 
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Gi¶i

Gi¶ sö ®­êng th¼ng ®i qua 
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 cã hÖ sè gãc k, khi ®ã nã cã d¹ng
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 (d)

Ta cã (d) tiÕp xóc víi (C) khi vµ chØ khi hÖ ph­¬ng tr×nh sau cã nghÞªm
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Thay (2) vµo (1) ta cã 
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VËy cã ba tiÕp tuyÕn víi (C) ®i qua ®iÓm 
[image: image155.wmf]19
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 ( Tù viÕt ph­¬ng tr×nh tiÕp tuyÕn).
VÝ dô 6. Cho hµm sè 
[image: image156.wmf]32
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a) CMR: Kh«ng tån t¹i hai ®iÓm nµo trªn (C ) sao cho tiÕp tuyÕn t¹i hai ®iÓm ®ã vu«ng gãc víi nhau.


b) T×m k sao cho trªn (C) cã Ýt nhÊt mét ®iÓm sao cho tiÕp tuyÕn t¹i ®ã vu«ng gãc víi ®­êng th¼ng y = kx + m.

Gi¶i
a) Gi¶ sö trªn (C) cã hai ®iÓm M1(x1; y1) vµ M2(x2; y2) mµ tiÕp tuyÕn víi (C) t¹i ®ã vu«ng gãc víi nhau. 

Ta cã y’ = 3x2 + 6x + 3 = 3(x+1)2.
Khi ®ã ta cã



[image: image157.wmf]22
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-1 = y'(x).y'(x) = 9.(x+1).(x+ 1) 010

³Û-³

 v« lý

Suy ra gi¶ sö lµ sai hay ta cã ®iÒu cÇn chøng minh.

b) 

VÝ dô 7. Cho hµm sè y = 
[image: image158.wmf]1

3

x3 - x2 cã ®å thÞ (C)


ViÕt ph­¬ng tr×nh tiÕp tuyÕn víi ®å thÞ (C) ®i qua ®iÓm A(3; 0).
Gi¶i

 §­êng th¼ng (∆) ®i qua A(3; 0) vµ cã hÖ sè gãc k cã d¹ng: y = k(x - 3)

+) (∆) lµ tÕp tuyÕn víi (C) 
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k = x2                (1)

1

x(3)        (2)    
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xkx

HÖ cã nghiÖm.


ThÕ (1) vµo (2): 
[image: image161.wmf]-=--
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2x3 -12x2 + 18x = 0 
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+) Víi x1 = 0 
[image: image165.wmf]Þ

 k1 = 0 
[image: image166.wmf]Þ

 PTT2: y = 0


+) Víi x2 = 3 
[image: image167.wmf]Þ

 k2 = 3 
[image: image168.wmf]Þ

 PTT2: y = 3x - 9.

VËy cã hai tiÕp tuyÕn víi ®å thÞ hµm sè ®· cho tho¶ m·n yªu cÇu bµi to¸n 
y = 0 vµ y = 3x – 9.
VÝ dô 8. T×m a ®Ó ®å thÞ hµm sè 
[image: image169.wmf]2
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 (C) tiÕp xóc víi (P) : y = x2 + a.
Gi¶i
§iÒu kiÖn tiÕp xóc cña ®å thÞ (C) víi (P) 
[image: image170.wmf]ì

-

ï

-

ï

Û

í

-+

ï

=+

ï

-

î

2

2

2

2

x2

2x=              (1)

(1)

1

    (2)

1

x

x

xx

xa

x

 


HÖ cã nghiÖm 


Gi¶i (1) 
[image: image171.wmf]Þ

x = 0 ThÕ vµo (2) 
[image: image172.wmf]Þ

 a = - 1


VËy víi a = -1 ®å thÞ (1) tiÕp xóc víi (P).
VÝ dô 9. Cho ®­êng cong 
[image: image173.wmf]-+
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  (C)

T×m c¸c ®iÓm trªn Ox tõ ®ã kÎ ®­îc hai tiÕp tuyÕn víi (C) mµ hai tiÕp tuyÕn nµy 
vu«ng gãc víi nhau.

Gi¶i:

Gäi M(a; 0) ( Ox; ∆ lµ ®­êng th¼ng qua M cã hÖ sè gãc k: y = k(x - a)

(∆) lµ tiÕp tuyÕn cña (C) 
[image: image174.wmf]Û



 EMBED Equation.DSMT4  [image: image175.wmf]ì
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 EMBED Equation.DSMT4  [image: image177.wmf]ì
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KÕt hîp (3) vµ (1) ta cã: 
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(4) 
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 k2(1 - a)2 + 4k - 4 = 0

Tõ M kÎ ®­îc hai tiÕp tuyÕn vu«ng gãc víi nhau tíi (C) 
[image: image182.wmf]Û

HÖ trªn cã hai nghiÖm ph©n biÖt k1, k2 vµ k1.k2 = -1.
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 EMBED Equation.DSMT4  [image: image184.wmf]¹
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 VËy c¸c ®iÓm cÇn t×m  lµ (-1; 0); (3; 0)
NhËn xÐt: Tõ hÖ (I) ta ph¶i biÕn ®æi thµnh hÖ t­¬ng ®­¬ng mµ chØ cã a vµ k. NhËn thÊy nÕu tÝnh ®­îc 
[image: image185.wmf]-
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 theo a vµ k thay vµo ph­¬ng tr×nh (1) th× ®­îc mét hÖ míi t­¬ng ®­¬ng trong ®ã cã mét ph­¬ng tr×nh chØ chøa a vµ k tõ  ®ã ta cã phÐp biÕn ®æi nh­ trªn vµ c¸ch gi¶i nµy lµ ng¾n gän. 
VÝ dô 10. Cho ®­êng cong 
[image: image186.wmf]-+
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    (C)

T×m c¸c ®iÓm trªn mÆt ph¼ng to¹ ®é mµ tõ ®ã kÎ ®­îc hai tiÕp tuyÕn gãc víi (C), hai tiÕp tuyÕn nµy vu«ng gãc víi nhau.

Gi¶i:

(∆) lµ ®­êng th¼ng ®i qua M(a; b) vµ cã hÖ sè gãc k nªn PT (∆): y = k(x - a) + b.

(∆) lµ tiÕp tuyÕn cña (C) 
[image: image187.wmf]Û



 EMBED Equation.DSMT4  [image: image188.wmf]ì
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LÊy (4) - (3) 
[image: image191.wmf]Þ
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V× tõ M kÎ ®­îc hai tiÕp tuyÕn vu«ng gãc víi nhau tíi (C) 
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T×m tÊt c¶ c¸c ®iÓm trªn ®­êng th¼ng y = 7 mµ tõ ®ã kÎ ®­îc hai tiÕp tuyÕn víi ®­êng cong (C) mµ hai tiÕp tuyÕn ®ã hîp víi nhau gãc 
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 = 450.
Gi¶i:

Gäi M ( ®t: y = 7 
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 M(a; 7).

Ph­¬ng tr×nh ®­êng th¼ng (∆) qua M cã hÖ sè gãc k: y = k(x - a) + 7.

(∆) lµ tiÕp tuyÕn cña (C) 
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	Tõ M kÎ hai tiÕp tuyÕn hîp víi nhau gãc 
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Kh«ng mÊt tÝnh chÊt tæng qu¸t

Ta gi¶ sö: 
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k1 - k1.k2 = 1 + k2  (7)

V× (6) ph¶i cã hai nghiÖm ph©n biÖt mµ 
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VËy tõ (6) 
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KÕt hîp (8) vµ (7) ta cã: 
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NÕu k1 = 1, tõ (6) :  
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NÕu k2 = -1 , tõ (8) : 
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VËy c¸c ®iÓm t×m ®­îc lµ : M1;2 (
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VÝ dô 12. ViÕt ph­¬ng tr×nh tiÕp tuyÕn chung cña hai (P) sau :



y = x2 - 3x + 2   (1)  vµ y = - x2 + 7x - 11   (2)

Gi¶i:

Gäi tiÕp tuyÕn chung lµ : y = ax + b. Gäi M0(x0 ; y0) vµ 
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 lµ tiÕp ®iÓm cña tiÕp tuyÕn víi Parabol (1) vµ (2)

Theo ®iÒu kiÖn  tiÕp xóc cña hai ®­êng ta cã hÖ sau :
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KÕt luËn: TiÕp tuyÕn chung lµ: y = 3x - 7 vµ y = x – 2.
VÝ dô 13. T×m tiÕp tuyÕn cè ®Þnh cña hä ®­êng cong cã ph­¬ng tr×nh:                                         
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Gi¶i:

Gäi ®­êng th¼ng: y = ax + b lµ tiÕp tuyÕn cè ®Þnh cña hä ®­êng cong
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 HÖ ph­¬ng tr×nh sau cã nghiÖm (m ≠ 0
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KÕt hîp (2) vµ (5) ta ®­îc: 
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(a + 1)2m2 + 2(a - 1)(b + 1)m + (b + 1)2 = 0

Ph­¬ng tr×nh nµy tháa m·n (m ≠ 0  
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KÕt luËn: VËy hä ®­êng cong cã mét tiÕp tuyÕn cè ®Þnh lµ: y = - x - 1
IV. Bµi tËp tù luyÖn.
Bµi 1. Cho  
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. T×m m ®Ó 
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c¾t ®­êng th¼ng y = -x + 1 t¹i ba ®iÓm A(0; 1), B, C sao cho tiÕp tuyÕn víi 
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 t¹i B vµ C vu«ng gãc víi nhau.

Bµi 2. T×m c¸c ®iÓm trªn ®å thÞ hµm sè 
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 mµ tiÕp tuyÕn t¹i ®ã vu«ng gãc víi ®­êng th¼ng 
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Bµi 3. Cho hµm sè 
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. CMR: Trªn (C) cã v« sè cÆp ®iÓm mµ tiÕp tuyÕn t¹i tõng cÆp ®iÓm ®ã song song víi nhau ®ång thêi c¸c ®­êng th¼ng nèi c¸c cÆp ®iÓm nµy ®ång quy t¹i mét ®iÓm cè ®Þnh.

Bµi 4. Cho 
[image: image269.wmf]32

395()

yxxxC

=+-+

. T×m tiÕp tuyÕn víi (C) cã hÖ sè gãc nhá nhÊt.

Bµi 5. Cho 
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ViÕt ph­¬ng tr×nh tiÕp tuyÕn víi hai ®å thÞ trªn t¹i giao ®iÓm cña chóng.

Bµi 6. ViÕt ph­¬ng tr×nh tiÕp tuyÕn víi 
[image: image271.wmf]3
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 t¹i giao ®iÓm cña nã víi trôc Oy. T×m k ®Ó tiÕp tuyÕn ®ã t¹o víi hai trôc täa ®é mét tam gi¸c cã diÖn tÝch b»ng 8.

Bµi 7. Cho hµm sè 
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. ViÕt ph­¬ng tr×nh tiÕp tuyÕn víi (C) trong c¸c tr­êng hîp sau

a) Cã hÖ sè gãc k = - 2.

b) TiÕp tuyÕn t¹o víi chiÒu d­¬ng trôc hoµnh gãc 600.

c) TiÕp tuyÕn t¹o víi chiÒu d­¬ng trôc hoµnh gãc 150.

d) TiÕp tuyÕn t¹o víi chiÒu d­¬ng trôc hoµnh gãc 750.

e) TiÕp tuyÕn t¹o song song víi ®­êng th¼ng y = - x + 2.

f) TiÕp tuyÕn vu«ng gãc víi ®­êng th¼ng y = 2x – 3.

g) TiÕp tuyÕn t¹o víi ®­êng th¼ng y= 3x + 7 gãc 450.

Bµi 8. Cho hµm sè 
[image: image273.wmf]32
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a) ViÕt ph­¬ng tr×nh tiÕp tuyÕn víi (C) ®i qua ®iÓm 
[image: image274.wmf]23

(;2)

9

A

-

.

b) T×m trªn ®­êng th¼ng  y = - 2 nh÷ng ®iÓm kÎ ®­îc hai tiÕp tuyÕn tíi (C) vu«ng gãc víi nhau.

Bµi 9. Cho hµm sè 
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. T×m trªn trôc hoµnh nh÷ng ®iÓm kÎ ®­îc ba tiÕp tuyÕn víi (C). 




(§H SPHN2- KB-1999)

Bµi 10. Cho hµm sè 
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. ViÕt ph­¬ng tr×nh tiÕp tuyÕn víi (C) ®i qua ®iÓm A(2; 0). 





(§H THHN- 1994).

Bµi 11. Cho hµm sè 
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. ViÕt ph­¬ng tr×nh tiÕp tuyÕn víi (C) t¹o víi trôc hoµnh gãc 450.

Bµi 12. Cho hµm sè 
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. ViÕt ph­¬ng tr×nh tiÕp tuyÕn víi (C) t¹o víi ®­êng th¼ng y = 3x gãc 450.

Bµi 13. T×m trªn Oy nh÷ng ®iÓm kÎ ®­îc ®óng mét tiÕp tuyÕn víi 
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Bµi 14. Cho hµm sè 
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. T×m M trªn (C) sao cho tiÕp tuyÕn víi (C) t¹i M c¾t hai trôc Ox, Oy t¹i A, B t¹o ra tam gi¸c OAB vu«ng c©n. 
(HVBCVTHN - 1997).

Bµi 15. Cho hµm sè 
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. CMR: TiÕp tuyÕn víi (C) t¹i mäi ®iÓm M tïy ý  lu«n t¹o víi hai tiÖm cËn mét tam gi¸c cã diÖn tÝch kh«ng ®æi.

Bµi 16. T×m c¸c ®iÓm trªn ®å thÞ
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 mµ tiÕp tuyÕn t¹i ®ã vu«ng gãc víi ®­êng th¼ng 
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(§H Ngo¹i Ng÷ Hµ Néi 2001)
Bµi 17. T×m tiÕp tuyÕn cã hÖ sè gãc nhá nhÊt víi ®å thÞ 
[image: image284.wmf]32
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(§H Ngo¹i Th­¬ng TPHCM 1998).

Bµi 18. T×m tiÕp tuyÕn cã hÖ sè gãc nhá nhÊt víi ®å thÞ 
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( Häc viÖn quan hÖ quèc tÕ 2001).
Bµi 19. T×m ®iÓm M trªn ®å thÞ 
[image: image286.wmf]32
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 sao cho tiÕp tuyÕn víi (C) tai M ®i qua gèc täa ®é.                 ( §H C«ng §oµn 2001).
Bµi 20. ViÕt ph­¬ng tr×nh tiÕp tuyÕn t¹i c¸c ®iÓm cè ®Þnh mµ ®å thÞ 
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. T×m quü tÝch giao ®iÓm cña c¸c tiÕp tuyÕn ®ã.






( §H an ninh 2000_ k A).
Bµi 21. Cho ®å thÞ hµm sè 
[image: image288.wmf]32
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a) ViÕt ph­¬ng tr×nh tiÕp tuyÕn víi (C) ®i qua ®iÓm 
[image: image289.wmf]23

;2

9

A

æö

-

ç÷

èø

.


b) T×m trªn ®­êng th¼ng y = -2 ®iÓm mµ tõ ®ã kÎ ®­îc hai tiÕp tuyÕn víi (C)  vµ chóng vu«ng gãc víi nhau.

Bµi 22. Cho hµm sè 
[image: image290.wmf]3
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. T×m c¸c ®iÓm trªn ®­êng th¼ng x = 2 kÎ ®­îc ®óng ba tiÕp tuyÕn víi (C).
( §H cÇn th¬ 2000_ k A).
Bµi 23. Cho hµm sè 
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. ViÕt ph­¬ng tr×nh tiÕp tuyÕn víi (C) biÕt tiÕp tuyÕn song song víi ®­êng th¼ng y = -x. ( §H ®µ l¹t 2000_ k A).
Bµi 24. Cho hµm sè 
[image: image292.wmf]3
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. ViÕt ph­¬ng tr×nh tiÕp tuyÕn víi ®å thÞ (C) ®i qua ®iÓm A(1; 3)




( §H t©y nguyªn 2000_ k A).
Bµi 25. Cho hµm sè 
[image: image293.wmf]3
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. §­êng th¼ng y = 5 tiÕp xóc víi (C) t¹i A vµ c¾t (C ) t¹i ®iÓm B, t×m täa ®é ®iÓm B. ( §H t©y nguyªn 2000_ k D).
Bµi 26. Cho hµm sè 
[image: image294.wmf]3
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. ViÕt ph­¬ng tr×nh tiÕp tuyÕn víi (C ) ®i qua ®iÓm A(1; 0).



 ( §H an ninh nh©n d©n 2000_ k D).
Bµi 27. T×m c¸c ®iÓm trªn trôc hoµnh kÎ ®­îc ®óng mét tiÕp tuyÕn víi ®å thÞ 
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Bµi 28.  Cho ®å thÞ 
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. CMR trªn ®­êng th¼ng y = 7 cã bèn ®iÓm sao cho tõ mçi ®iÓm kÎ ®­îc hai tiÕp tuyÕn tíi (C) vµ t¹o víi nhau mét gãc 450.

Bµi 29. Cho ®å thÞ 
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. T×m tË hîp c¸c ®iÓm trªn mÆt ph¼ng to¹ ®é Oxy tho¶ m·n

a) Tõ ®ã kh«ng kÎ ®­îc tiÕp tuyÕn nµo víi ®å thÞ (C).


b) Tõ ®ã kÎ ®­îc Ýt nhÊt mét tiÕp tuyÕn víi ®å thÞ (C).


c) Tõ ®ã kÎ ®­îc ®óng mét tiÕp tuyÕn víi ®å thÞ (C).


d) Tõ ®ã kÎ ®­îc ®óng hai tiÕp tuyÕn víi ®å thÞ (C).


e) Tõ ®ã kÎ ®­îc ®óng hai tiÕp tuyÕn víi ®å thÞ (C) vµ hai tiÕp tuyÕn ®o vu«ng gãc víi nhau.

Bµi 30. ViÕt ph­¬ng tr×nh tiÕp tuyÕn ®i qua ®iÓm A(1; 0) tíi ®å thÞ 
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( §H d­îc 1999).
Bµi 31. ViÕt ph­¬ng tr×nh tiÕp tuyÕn ®i qua ®iÓm A(-1; 0 ) tíi ®å thÞ 
[image: image299.wmf]2
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( §H x©y dùng 1995).
Bµi 32. ViÕt ph­¬ng tr×nh tiÕp tuyÕn ®i qua ®iÓm A(0; 5/4 ) tíi ®å thÞ 
[image: image300.wmf]2
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( §Hsp vinh 1998).
Bµi 33. ViÕt ph­¬ng tr×nh tiÕp tuyÕn ®i qua ®iÓm A(1; 1 ) tíi ®å thÞ 
[image: image301.wmf]2
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( §H ®µ l¹t 1999).


I. KiÕn thøc c¬ b¶n.
1. Khai triÓn nhÞ thøc Newt¬n.

Ta cã 
[image: image302.wmf](
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(1)
Trong ®ã:


+ a, b lµ hai sè thùc.


+ n lµ sè nguyªn d­¬ng.

NhËn xÐt:


+ Trong khai triÓn trªn sè mò cña a gi¶m dÇn tõ tr¸i sang ph¶i, ng­îc l¹i sè mò cña b t¨ng dÇn tõ tr¸i sang ph¶i. Sè mò cña a vµ b trong mçi sè h¹ng céng l¹i ®Òu b»ng n.


+ Trong khai triÓn trªn cã n + 1 sè h¹ng.


+ Sè h¹ng tæng qu¸t trong khai triÓn (1) lµ 
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+ Sè h¹ng thøc k trong khai triÓn (1) lµ 
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2. Mét vµi khai triÓn th­êng dïng.
Ta cã


[image: image305.wmf](

)

0111

0

1...(2)

n

n

kknnnn

nnnnn

k

xCxCCxCxCx

--

=

+==++++

å


Thay x = 1 vµo hai vÕ cña (2) ta cã ®¼ng thøc sau
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Thay x = - 1 vµo hai vÕ  cña (2) ta cã ®¼ng thøc sau
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3. Mèi liªn hÖ cña hai hµm sè b»ng nhau.
Ta cã hai  hµm sè y = f(x) vµ y = g(x).

NÕu f(x) = g(x) th× f’(x) = g’(x)
II. D¹ng to¸n tÝnh tæng cña tæ hîp liªn quan tíi ®¹o hµm.
Ta cã mét vµi chó ý khi gÆp tÝnh tæng cña tæ hîp


+ NÕu trong vÕ tÝnh tæng kh«ng cã 
[image: image308.wmf]0
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 th× ta cÇn dïng khai  triÓn råi ®¹o hµm hai vÕ theo x c¶ hai vÕ sau ®ã thay x b»ng mét gi¸ trÞ thÝch hîp.


+ NÕu trong mét vÕ tÝnh tæng kh«ng cã 
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th× ta dïng khai triÓn råi ®¹o hµm hai vÕ theo x hai lÇn sau ®ã th·y b»ng mét gi¸ trÞ thÝch hîp.

III. VÝ dô.
VÝ dô 1. Chøng minh r»ng

     a) 
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a) Ta cã

§¹o hµm hai vÕ cña (*) theo x ta cã
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Thay x = 1 vµo ®¼ng thøc (a) ta cã
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VËy ta cã ®¼ng thøc cÇn chøng minh.

b)
§¹o hµm hai vÕ cña (*) hai lÇn theo x ta cã
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Thay x = 1 vµo ®¼ng thøc trªn ta cã
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VËy ta cã ®iÒu cÇn chøng minh.
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